Enhanced high-order harmonic generation from periodic potentials in
  inhomogeneous laser fields by Du, Tao-Yuan et al.
ar
X
iv
:1
60
5.
02
51
6v
1 
 [p
hy
sic
s.o
pti
cs
]  
9 M
ay
 20
16
Enhanced high-order harmonic generation from periodic potentials in inhomogeneous
laser fields
Tao-Yuan Du,1, 2 Zhong Guan,1, 3 Xiao-Xin Zhou,3 and Xue-Bin Bian1, ∗
1State Key Laboratory of Magnetic Resonance and Atomic and Molecular Physics,
Wuhan Institute of Physics and Mathematics, Chinese Academy of Sciences, Wuhan 430071, China
2University of Chinese Academy of Sciences, Beijing 100049, China
3College of Physics and Electronic engineering, Northwest Normal University, Lanzhou 730070, China
We theoretically study high-order harmonic generation (HHG) from solid-phase systems in spa-
tially inhomogeneous strong laser fields originated by resonant plasmons within a metallic nanos-
tructure. The intensity of the second plateau in HHG may be enhanced by two-three orders and
be comparable with the intensity of the first plateau. This is due to bigger transition probabilities
to higher conduction bands. It provides us a practical way to increase the yields of HHG with
laser intensity below the damage threshold. It presents a promising way to triple the range of HHG
spectra in experimental measurements. It also allows to generate intense isolated attosecond pulse
from solids driven by few-cycle laser fields.
PACS numbers: 42.65.Ky, 42.65.Re, 72.20.Ht
The study of light-matter interaction with intense laser
fields is a rapidly growing research area, which exhibits
many novel phenomena [1–3]. The high-order harmonic
generation (HHG) has attracted a lot of attention since
it provides a tabletop coherent x-ray source. It has been
used for dynamic imaging of molecular structures [4–6].
However, the low conversion efficiency of HHG from gas-
phase systems restricts its applications. Recently, HHG
has been experimentally generated from bulk crystals [7–
9]. Due to high density of solid-state materials, it is
possible to generate HHG with higher conversion effi-
ciency and to probe the structure of solids. Vampal et al.
realized all-optical reconstruction of crystal band struc-
ture [10]. This method extends measurement schemes of
solid-state material band structures. Theoretically, HHG
in solid-state materials involves two contributions (inter-
band and intra-band currents). The experimental mea-
surement [7] shows one main plateau in HHG. However,
the theoretical simulations [11, 12] reveal double-plateau
structures. The primary plateau is a result of the res-
onant transition between the valence band and the first
conduction band, while a weaker second plateau is due to
transitions from high-lying conduction bands. The inten-
sity of the second plateau is a few orders lower than that
of the first one. This may be the reason why the second
plateau has not been well resolved experimentally. Re-
cently, an alternative technique, named the spatially in-
homogeneous field (or source of plasmonic enhancement),
assisted generation of ultrashort attosecond (1 as = 10−18
s) sources in atoms and molecules, which has attracted
much attention both in experiments and theories [13–26].
In comparison with the homogeneous field, the electrons
obtain extra energies by further acceleration in the inho-
mogeneous fields. This alternative technique provides a
way to increase the effective intensity of the input laser
fields by almost three orders. As we know, the HHG from
solids suffers from low damage-threshold intensity. This
plasmon-enhanced scheme may overcome this shortage.
In this work, we will theoretically study the HHG from
solids in inhomogeneous laser fields. To our knowledge,
this has not been investigated.
Based on the single-electron approach, we describe the
light-solid interaction in one dimension, along the polar-
ization direction of the laser fields. In the length-gauge
treatment, the time-dependent Hamiltonian is written as
Hˆ(t) = Hˆ0 + exE(x, t), (1)
where Hˆ0 =
pˆ2
2m + V (x), and V (x) is a periodic lattice
potential. In our calculations, we choose the Mathieu-
type potential [27]. The specific form is V (x) = −V0[1 +
cos(2πx/a0)], with V0 = 0.37 a.u. and lattice constant
a0 = 8 a.u. The spatial dependence of the enhanced laser
electric field is perturbative and linear with respect to the
position, and the laser field can be approximated as
E(x, t) ≃ E(t)(1 + ǫx), (2)
where ǫ ≪ 1 is a parameter characterizing the strength
of inhomogeneity. The time-dependent Hamiltonian can
be rewritten as
Hˆ(t) = Hˆ0 + exE(t) + e(ǫx
2)E(t), (3)
where the first two terms account for the Hamiltonian in
the case of homogeneous fields and the last term is an
additional term induced by the inhomogeneous field. In
Fig. 1, we show a schematic illustration of the laser field
enhancement using a nanostructure of bow-tie elements.
The parameter d and the shape of nanostructure adjust
the field inhomogeneity parameter ǫ. In absence of the
laser fields, the time-independent Schro¨dinger equation
(TDSE) can be written as
Hˆ0φn(x) = Enφn(x). (4)
2We use B -spline functions [28] to expand the time-
independent wave function,
φn(x) =
Nmax∑
i=1
ciBi(x). (5)
Substituting Eq. (5) into Eq. (4), we obtain matrix
equation
HC = ESC, (6)
where C is the column matrix, H and S are N×N square
matrices, respectively.
We use 2400 B -splines to calculate its eigenvalues in
the space region [-240, 240] a.u. and obtain the energy
bands structure which agrees well with the calculations
by Bloch-state expansion. By using B -spline basis, we
perform all the calculations in the coordinate space. For
the details, we refer readers to Ref. [12]. Due to the
drive of laser fields, electrons in the valence band have
probabilities to tunnel to conduction bands, i.e. Zener
tunneling. But the tunneling probabilities exponentially
decay with the increase of energy gap. Only a small
portions of populated electrons near the wave-vector k =
0 on top of the valence band can tunnel to conduction
bands with the laser parameters used in the current work.
So we choose an initial state calculated by our B -spline
method with k = 0 on top of the valence band with the
minimum band gap. We can effectively solve the time-
dependent |ψ(t)〉 by using symmetrically split-operator
algorithm [29]
|ψ(x, t0 +∆t)〉 = e
−iTˆ ∆t
2 e−iVˆeff∆te−iTˆ
∆t
2 |ψ(x, t0)〉
+O(∆t3),
(7)
where Vˆeff = V (x) + exE(x, t) and Tˆ is the kinetic op-
erator.
In our calculations, we use the laser pulses with a
cos2 envelope and the grid spacing is 0.03 a.u., which
is sufficient to obtain converged results. The time step is
1/4096 of an optical cycle. In order to prevent spurious
reflections from the boundary, the total wave function is
multiplied by a mask function of the form cos1/8 with
|x| > 216 a.u. at each time step. After obtaining the
time-dependent |ψ(t)〉 at an arbitrary time, we can cal-
culate the time-dependent laser-induced currents by
j(t) = −
e
m
[〈ψ(t)|pˆ|ψ(t)〉] . (8)
The HHG power spectrum is proportional to the mod-
ulus square |j(ω)|2 of Fourier transform of the time-
dependent current in Eq. (8). Before the Fourier trans-
form, we multiply j (t) by a time-dependent Hanning win-
dow function in order to suppress the dipole moment due
FIG. 1. (Color online) Schematic illustration of laser field
enhancement using a nanostructure of bow-tie elements. The
cylinder represents solid-state material samples.
to the population remaining in the conduction bands at
the end of the pulses. Based on solid-physics theory,
the energy eigenvalues of solid-state materials show a
multiple-band structure. Each band group can be dis-
tinguished easily as illustrated in Ref. [12]. The intra-
band contribution to the current is induced by transi-
tions within the same band, while the inter-band con-
tribution mainly involves transitions between the con-
duction bands and valence band. By distinguishing the
contributions from intra- or inter-band, we elucidate the
mechanism of intensity enhancement in the second HHG
plateau.
First, we study the harmonic spectra of the periodic
systems under a mid-infrared laser pulses. The peak in-
tensity and the wavelength of the driving laser pulses
are I = 8.774×1011 W/cm2 and λ = 3200 nm, respec-
tively. We show the harmonic spectra in the case of the
homogeneous and the inhomogeneous fields with differ-
ent inhomogeneity parameters ǫ in Fig. 2(a). The har-
monic spectra show a two-plateau structure in both the
homogeneous field and the inhomogeneous field. How-
ever, the second HHG plateau exhibits two-three orders
intensity enhancement in the inhomogeneous fields with
ǫ = 0.0005 compared with the case in the homogeneous
field. In order to distinguish the physics behind the har-
monic spectra, we show the first HHG plateau in Fig.
2(b), and the second HHG plateau in Fig. 2(c). One can
clearly observe both the odd and even order harmonics
from the HHG spectra in the case of inhomogeneous field.
The generation of the even harmonics is due to the fact
that the symmetry of the system is broken. The energy
of the first few fast decaying HHG is lower than the band
gap. They show a perturbative character which is similar
to the below-threshold HHG in the gas phase.
In order to obtain further insights into the effect of
spatial inhomogeneity on the HHG process in Fig. 2,
we make a distinction about HHG induced by conduc-
tion band C1 and C2 plus C3 contributions in Fig. 3,
respectively. The mechanism of the first HHG plateau is
mainly determined by inter-band transitions between the
conduction band C1 and the valence band, which have
been pointed out by previous researches in homogeneous
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FIG. 2. (Color online) HHG spectra in the case of the homoge-
neous field (black solid curve), the inhomogeneous fields with
ǫ = 0.0002 (dash violet curve) and ǫ = 0.0005 (red dot curve).
(a) HHG with full range. (b) The first HHG plateau with ǫ
= 0.0005. (c) The second HHG plateau with ǫ = 0.0005. The
intensity, wavelength and duration of the driving laser pulses
are 8.77 × 1011 W/cm2, 3200 nm and six-cycle, respectively.
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FIG. 3. (Color online) HHG induced by full (black solid
curve), conduction band C1(red dot curve) and C2 plus
C3(blue dash curve) contributions in an inhomogeneous field
with ǫ = 0.0005. The inset shows the HHG induced by full,
conduction band C1 and C2 plus C3 contributions in the ho-
mogeneous field. The laser pulse parameters are the same as
those in Fig. 2.
field [10–12]. One can find that the second HHG plateau
is the results of inter-band transitions between conduc-
tion bands C2 plus C3 and the valence band.
We then perform a time-frequency analysis [30] of the
harmonics obtained in Fig. 2, as shown in Fig. 4(a) and
(b), respectively. However, the harmonic emission behav-
ior changes dramatically in the case of inhomogeneous
field in Fig. 4(b), which disturbs the HHG trajectories
and generates both odd and even-order harmonic spec-
tra. For the second HHG plateau, the spatial inhomo-
geneity dramatically affects the harmonic emission pro-
cess, which presents enhancement processes around the
FIG. 4. (Color online) Time-Frequency analysis of HHG in
a homogeneous field in (a), (c) and an inhomogeneous field
in (b), (d). (a)-(b) are time-frequency analysis with full con-
tribution. Due to the fact that the two HHG plateaus are
mainly determined by inter-band contribution, we show time-
frequency analysis of inter-band contribution in homogeneous
field in (c) and inhomogeneous field in (d).
-0.25 o.c. and 0.75 o.c. and shows a suppressed process
at 0.25 o.c. In order to further explain the phenomenon
that only the second HHG plateau has a two-three or-
ders magnitude enhancement in the case of inhomoge-
neous field, we present the time-frequency analysis of the
inter-band contributions in Fig. 4(c) and (d). It clearly
shows a two-three orders magnitude enhancement of the
second HHG plateau, while the magnitude of the first
HHG plateau is still comparable. This agrees with our
analysis [12] that interband transitions play key roles in
HHG and thus may explain why only the second plateau
is dramatically enhanced.
We finally show energy band structure and time-
dependent electron population of the conduction bands
in Fig. 5. In Fig. 5(a) and (b), one can find that the
energy bands calculated by Bloch states agree well with
those by B -spline basis. The minimum gap between the
valence band and the first conduction band is about 4.2
eV, which corresponds to harmonic order 11 in Fig. 2(b).
According to the energy band structure and the popula-
tion of the conduction bands, one can further get insight
into the HHG enhancement. As previously mentioned,
the harmonic plateaus are determined by the transition
process between the conduction bands and valence band,
i.e. inter-band contribution. Transition between the first
conduction band and valence band contributes to the
first plateau, while the second plateau is attributed to
transitions between high-lying conduction bands and the
valence band. In Fig. 5(c), it illustrates that the first
conduction band electron population has a small incre-
ment in the case of inhomogeneous field compared with
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FIG. 5. (Color online) Band structures calculated by Bloch
states expansion compared with the result obtained by B -
spline basis in (a) and (b), respectively. The electron popu-
lation as a function of time for the 1st conduction band (red
curve) and the 2rd conduction band (blue curve) in homoge-
neous field are illustrated in (c) and (d), respectively. The
olive curves present results in the inhomogeneous field.
that in the case of homogeneous field, which explains why
the change of the intensity of the first plateau is not ob-
vious. However, in Fig. 5(d), One can clearly see that
electron population of the second conduction band has
a dramatic increment at the center of the laser pulse,
which could lead to more electrons coupling to valence
band and give rise to two-three orders enhancement of
the second HHG plateau.
In addition, we calculate the transition probabilities
between the conduction and the valence bands in Fig. 6,
to reveal the population enhancement in the case of inho-
mogeneous fields. The effect of spatial inhomogeneity on
the transition probabilities can be described by the ad-
ditional term |〈φn0 |x
2|φn〉|
2, in which n0 represents the
initial valence band state and n represents the conduction
band states. One can clearly see two minimum values of
transition probabilities in the case of homogeneous field
(black solid curve) at the energy about 10 eV and 24
eV, which correspond to the two energy gap positions
within the conduction bands in Fig. 5(a) and (b). The
enhancement of transition probability is negligible in the
first conduction band (corresponds to the energy range
below 10 eV), while a one-two orders enhancement of
transition probability has been obtained in the second
conduction band (corresponds to the energy range from
10 eV to 24 eV) caused by the effect of spatial inhomone-
ity. This provides a deeper insight to the fact that one
can just observe obvious enhancement of intensity in the
second HHG plateau.
Due to the intensity enhancement of the second HHG
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FIG. 6. (Color online) Transitional probabilities calculated by
|〈φn0 |xˆ|φn〉|
2 (black solid curve) for homogeneous field and an
additional term |〈φn0 |x
2|φn〉|
2 (orange dash curve) for spatial
inhomogeneous field.
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FIG. 7. (Color online) (a) HHG in few-cycle laser fields. For
the inhomogeneous field, ǫ = 0.0007. We choose two different
CEP values, 0 and 0.5π. The violet dot curve in (a) shows the
HHG in the case of homogeneous field with CEP = 0.5π. The
field parameters are the same as those in Fig. 2 except for
the pulse duration. Attosecond pulses generated by synthesis
of harmonics with order 50-100 in the case of inhomogeneous
field with ǫ = 0.0007, CEP = 0.5π and in the case of homo-
geneous field with CEP = 0.5π are presented in (b) and (c),
respectively. The intensity has been normalized.
plateau in the case of inhomogeneous field, it can be used
for intense isolated attosecond pulse generation. In or-
der to obtain a super-continuous HHG spectra, we adopt
three-cycle-duration pulses with inhomogeneity parame-
ter ǫ = 0.0007. In Fig. 7(a), one can also observe two-
three orders enhancement of intensity at the second HHG
5plateau in few-cycle pulses. The carrier-envelope phase
(CEP) can be used to control the cutoff energy of HHG
under the inhomogeneous fields. In Fig. 7 (b) and (c), the
coherent superposition of harmonics has been adopted in
the case of inhomogeneous field with ǫ = 0.0007 and ho-
mogeneous field with CEP = 0.5π. Isolated attosecond
pulses with durations of 650 as and 725 as are produced
by superposing the harmonics with order 50-100. One
can draw a conclusion that the spatially inhomogeneous
fields can not only realize two-three orders intensity en-
hancement of the second plateau but also control the
HHG trajectories and narrow the width of the attosecond
pulses.
In summary, by numerically solving the TDSE, the
HHG process in the solid-state materials under the ac-
tion of a spatially inhomogeneous laser field is simulated
in the coordinate space. The spatially inhomogeneous
field has been demonstrated to be capable of realizing the
dynamic control of quantum pathes. Two-band model
is inadequate in this case. Multiband transitions and
nonadiabatic effects have to be considered. As a result,
a two-three orders intensity enhancement of the second
plateau can be obtained in the case of inhomogeneous
field, which is comparable with the intensity of the first
plateau. This attributes to bigger transition probabili-
ties to the high-lying conduction bands as a result of the
enhancement of the transition matrix elements. An effi-
cient scheme to enhance HHG yields below the damage
threshold has been proposed. In the homogeneous laser
field, the intensity of the second plateau is quite low.
Only the intense first plateau in HHG is experimentally
observed. This work sheds light upon enhancement of
the second HHG plateau and a promising way to triple
the range of HHG spectra in experimental measurements.
This can also be used to generate intense narrow isolated
attosecond pulses from solids.
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